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Abstract
In this paper , the author has derived some impbpeoperties of generalized hypergeometric polyiab
set namely, an integral representation of variaypes including addition and multiplication theoreméinite
difference formula. Furthermore, some classicahagonal polynomials like , Laguerre, Mexiner, tBeb,

Krawtchouk and

Mexinepollaczek polynomials are also obtained as padicutases ofgeneralized

hypergeometric polynomials. These polynomials ya important role in various branches of engjiiray,
science and technology and also constitute goocelmddr many systems in various fiel
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I ntroduction
Recently, I.LK. Khanna and V.S.Bhaga\

[3] studied some properties &, (53;;X) such as

generating functions with the help of
representation theory of SL(2,C) i.e.,, a com
special linear group. It is a worth noting thae

polynomial setU, (B; y; X) is a product of " and

hypergeometric function which enable to del
different types of generating functions. Becaust
the important role which  hypergeomet
polynomials/functions play in problems of phys
and applied mathematics , the theory of gener:
functions las been developed into various directi
and found wide applications in various branche:
analysis namely infinite series , linear diffeiah
equations, statistics distributions, operatiorseaect
and functions of a complex variables . 1
hyperg@metric functions have also retained
significance in science and technology . In tldpgr
, an attempt is made to derive intec
representations of various types to the gened

hypergeometric polynomial set U, (f;y;X)

including addition and multiplication theorems &
finite difference formula.

The principle interest in our results lies
the fact that a number of special cases would
inevitably to many new and known results of
theory of special functions of vous classical
orthogonal polynomials namely the Laguer
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Meixner, Gottlieb, Krawchouk and Mexir-
Pollaczek polynomials are derived as the spt
cases of our results

Definition
S.D.Bajpai and M.S.Arora [2] studied t
semiorthogonality property and an integral involvi

Fox's H-function of U, (8; y; X) defined as
U.(B ¥ %)

1
=x" zFl[—n./a’;y;;] , (21

where n is a non- igative integer , x is any n-zero
complex variable ang3, y are independent  of

Remark: If £,y are dependent of n then me
properties which are valid fofs, y independent(3

of n fail to be valid foi3, ) dependent upon

The aim of the present paper is to stuc
some more interesting classical proprieties of
function such as addition, multiplication formul
finite difference formula and integralpresentations
of the various types. The functicU_ (8; J; X)

satisfies the differential equation
{x@-x) D*=[(n+B-D - (y+2n-2)x-n(y+n-1)} U, (x) =0,

wherel, (x) =U,(8;y;x) andD = di (22
X
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Applications
Loy o (pre B 0 e (2.3)
Limjae{sara )= gl xur

whereL? (X)is the Laguerre polynomial . [9]

o W-Yiyi- oY) =0-p7)" M(Yiy.0) , provided>00< p<1Y=012.... (2.4)
whereM (Y;y, p) is the Mexiner polynomial.[10]

U, (-YLA-€e) )= (" -D g (Y, A), (2.5)
whereg, (Y, A) is the Gottlieb polynomial.[9]
4.u, (-Y;-N;P) =P"K, (Y;P,N), (2.6)
whereK  (Y; P, N)is the Krawtchouk polynomial.[10]
5.U, (A +iy;2/1;(1—e_2i‘”)‘1) = (2/1) —(2) cosec”qun’1 (v;9), (2.7
n

where F’nA (V; @) is the Miexner —pollaczek polynomial.[10]

Preliminaries: To find the addition , multiplication formulae nfie difference formula and integral representation
of the various types, we have used the well knoesuilts [8] :

1 D"(uv)= Y (:j (p™*u) (Dkv),

fn
2. f(x+y)= Zn -0 Ex)yn

3f()zo(y 1):.f (X)

Where|y| < p, P being the radius of convergence of the analyticfion f(x).
AL @@)) = fa+1) - f(a),

Addition and Multiplication Formulae
Theorem: Prove that

w (N
. — . k
Un(ﬂ,%X+V)—I§)[kJ U (BN Y 2.8)
and
» (N i

Un(ﬂ;%x)’):kz:;) K U, (By:x)(y-D"x". (2.9)

k
Proof: We have n(’BVX-I-y)_Z:—k w [ ('BVX)]y

dx* K

@ 0, (1) o (B) p(n— PIX™ P YK
ZZO < pn=p-KI(M)
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» (N
Z ( ] U_ (By:x) y* , which is same as (2.8).
k=o| k
U5 v =3 L -0 L gy
k=0 dxk

i )( Ve U, By x)(y-D*xk

2. (n
=3 U By (y —DkxK
k=0 k
Hence the proof of the theorem.

Finite Difference Formula
Theorem: Prove that

U,B+2y+2;X) =

D"+ X" o {r(ﬁw _A},
F(B+A) F(y+A) (2.10)

where Al f ()= f(A+1)-f(1) and A% f(1)= i(—l)(”‘k)@ f(A+K).
k=0

Proof: SinceU,,(8; y; X) = é% XK

CED"rW) & (D ”‘kr(ﬁ+k)(njxn_k
rp = Ty+k  \k

Now, writing S+ A and y+A for g and y respectively, we have

DT+ X" &)L +A+K) (N -k
F(B+A) 0 Tly+a+k) (k
(D" T+ o [F(B+A) -
F(B+A) F(y+/l) ’

U, (B+Ay=Ax)=

U,B+2y+2;X) =
Hence the theorem.

Integral Representations
The following types of integral representationstfoe polynomial seun (B; v; X) have been discussed

l. Contour integral representation,
Il. Real integral representation,
Il. Infinite single integral representation
And
V. Finite single integral representation

The existence of these representations directlgmpipon the uniform convergence of the integrals.

| .Contour Integral Representation
Consider the generating relation [2] for the polyial setUy, (,B, )8 X) ie.,
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S @ “(/3 )t —(1—xt)'“2Fl{a',,8; yi- } (211)
1-xt
n=0
Let us write
_ t
f)=A1-xt)" 7 F,|a, B v.- . 2.12
(= (L xt) 21[ ﬁyl_xt} (2.12)
f"0 t“
. Z ()
By usmg the Maclaunn’s theorem
and we find that the coefficients
(+0)
n f (t)
f (O)_z_m.[ n+1
t n=0,1,2,3,........ (2.13)

Thus from (2.11) ,(2.12) and (2.13), we arrivéhat following theorem.

- t 2, (@) pUn(B; y; 0t"
Theorem If (1-xt)™,F {allg;yl_l }:Z( )nUn (B y: X)
1 - Xt n=0 I’l'

Then

Un(BryiX) = o

(0+)

( J't "La-xt)™ ,F {a B; " }dt (2.14)
1

where the contour of integration encircles th@iarof the t-plane in the positive direction.

II.Real Integral Representation
If, in equation (2. 14) we replace the contour by e.g then we get

i
un(ﬁ;%x)—mje'”g(l xd?)~ F [a By~ exem}de
n 1 -

- 5@ ('B)kj e 1-xe?) —e” de
2m(a), & Ky 3 1-xé*

_ nl - ( 1) (a) (IB)kJ‘ (k- n)IH(l xe )-a'-kde

277(0’)n k=0 KOy 0

e & (4 (@) (@ +Rs(B), 2
> :

J‘e(k n)|¢9(X )Sde

277(0')n k=0570 KS(y)
— nl o (—1)k(a)k(a+ k)s(ﬁ)k (k—n+s)i6’de
277(0')n kZ::')s;) K (y) le

00

7 Som
( )k(a)k+s ('B)kx Icis{k—n+s)9}d3,

277(a)n k=0s=0 H g (y)k 0 (215)
WhereCis® = cos®d +i sin®d.
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lll. Infinite singleintegral representation.

n (=), (8) " K
As we know that Un(Biyix) = 2 ————
Zo KO,

$ (-n), M (B+k=15+ 1)x"™
& K (1), T (B)
( n)k n—k 0o

1
)
200,13 1 ey P

since  T(p-k+ %): [expet?) 1Pt

x" 21 |y t?
F(ﬁ) _Lexp(t )t [ n; y; X}dt.

Thus , we have
THEOREM. If Re(ﬁ)>%, then

Un(Byix) =

r(ﬂ) o

V. Finite Single I ntegral Representation.

2
2)tzﬁ 1 [ n; y; t;}dt. (215

- n
We know that un(ﬁ;y, X) = E %

r 0 (- X sty
Ry il G

(@ _  T(b) }fﬁk_l - 07
(b}, T(@T(b-3

since

n 1 n
_ Iinx jtﬁ‘l(l—t)y‘ﬁ‘l(l—lj dt
rBrly-06 o X

_ r(y) ﬁlltyﬁl t) dt
TAT-B 4 [0 ey
Thus, we conclude

THEOREM. If Re(8)>0 and Re(y - ,8)> 0,then

A 02 (A1 y-B-1
U (B yix) = ———22 1-t) x—t)"dt.
" FBIT (- I bty
Remark: In a similar way, one can be deduced many mgreesentations namely Finite Double Integral
Representation and Infinite Double Integral Repméation etc., which are of great importance @ttieory of
special functions of mathematical physics.
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